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A white hole (WH) is a time-reversed black hole (BH) solution in General relativity with a space-
time region to which cannot be entered from the outside. Recently they have been proposed as a
possible solution to the information loss problem [Haggard and Rovelli, 2015]. In particular it has
been argued that the quantization of the gravitational field may prevent a BH from collapsing en-
tirely with an exponential decay law associated to the black-hole-to-white-hole (BHWH) tunneling
scenario [Barcelo, Carballo, and Garay, 2017]. During this period of BHWH transition the Hawking
radiation should take place. Taking this possibility into account, we utilize the Hamilton-Jacobi and
Parkih-Wilczek methods to study the Hawking radiation viewed as a quantum tunneling effect to
calculate the tunneling rate of vector particles tunneling inside (outside) the horizon of a WH (BH),
respectively. We show that there is a Hawking radiation associated to a WH spacetime equal to the
BH Hawking temperature when viewed from the outside region of the WH geometry. In the frame-
work of Parkih-Wilczek method, surprisingly, we show that Hawking temperature is affected by the
initial radial distance at which the gravitational collapse starts.
PACS numbers:
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I. INTRODUCTION
Black holes undoubtedly have attracted and continue
to attracted great interest among the physicst. Even
thought they were predicted 100 years ago by Einstein’s
theory of relativity, historically, black holes were met
with wide-spread scepticism. Today, however, the situa-
tion has changed substantially due to the indirect exper-
imental data supporting their existence. In the context
of classical general relativity, black holes are thought as
a region of spacetime that nothing can escape from in-
side it-not even light. Forty years ago, StephenHawking
changed this view. He showed that black holes should
radiate particles due to the quantum effects near the
event horizon [1–3]. Hawking radiation is a well under-
stood phenomenon which has been extensively studied
in the past. One such an interesting method is the quan-
tum tunneling methodwhereHawking temperature can
be found by simply estimating the tunneling rate of par-
ticles tunneling outside the black hole [4–39].
Althoughthe the mathematics of Hawking radiation
is shown to be correct by several methods, it was real-
ized byHawking himself that a serious conceptual prob-
lem arises due to the black hole evaporation known as
the information loss problem. To solve this problem,
several solutions have been proposed over the years. In
a recent work by Haggard and Rovelli [42] a new pos-
sibility of releasing the information form the black hole
has been proposed. This idea involves a BHWH tunnel-
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ing scenario and certainly remains as an open possibility
which has yet to be achieved by some quantum gravity
theory. It is speculated that when gravitational collapse
reaches the Planckian scale, a quantum bounce may take
place leading to the BHWH tunneling [43]. It is spec-
ulated that a WH acts as a long-lived remnant, in this
way WHs can be shed lighton the black-hole informa-
tion paradox [44–47]. White holes are of primary phe-
nomenological interest in the analogue gravity, in this
context Hawking radiation from dispersive theories in
acoustic white holes is studied in Ref. [48], while acous-
tic white holes in flowing atomic Bose-Einstein conden-
sates has been studied in Ref. [49]. From the astrophysi-
cal point of view, high energy radiation fromwhite holes
was studied in Ref. [50].
In a very interesting work [51], authors have put for-
ward this idea by considering a path integral approach
they found an exponential law associated to the BHWH
tunneling probability. However, the framework used by
the authors is highly idealized and not free from ambi-
guity, for example, they have assumed that the space-
time is static before and after the bounce. Yet there is
a major problem from the physical point of view con-
cerning the BHWH transition due to the second law
of thermodynamics. Namely, as we know, the gravi-
tational collapse can lead to a black hole with an enor-
mous amount of entropy. Contrary to this, a possible
WH formation should be followed by a decrease of en-
tropy which makes their existence very unlikely in na-
ture. During the evolution of BHWT quantum transi-
tion the Hawking effect has not been taken into account.
Although this effect is negligible, nevertheless, it will
be interesting to study this effect in the context of WH
spacetime which is the main purpose of this paper.
2This paper is organised as follows. In Sec. II, we re-
view the generalized Painleve´ coordinates [54] and the
BHWH tunneling considered in Ref. [51]. In Sec. III,
we shall solve the Proca equation to find the radial mo-
tion of massive vector particles using Hamilton-Jacobi
(HJ) method. In Sec. IV, we study Hawking radiation in
the spacetime of a BH. In Sec. V, we shall focus on the
Hawking radiation in the spacetime of a WH. In Sect.
VI, we study the tunneling of scalar particles. In Sect.
VII we solve this problem in the framework of Parkih-
Wilczek (PW) method. Finally, in Sect. VIII we present
our conclusions.
II. BLACK-HOLE-TO-WHITE-HOLE
Let us start by briefly reviewing a bouncing space-
time geometry outside a collapsing gravitational pro-
cess which can be given by a time-symmetric bounce in
terms of the following metric [51–54]
ds2 = −dt2+ (dr− f (u)v(r)dt)
2
1− 2M/ri + r
2
(
dθ2 + sin2 θ dϕ2
)
,
(1)
provided ri > 2M. It is worth noting that the metric (1)
represents a generalized Painleve´ type metric which is
different from the standard Painleve´ metric. There are
two particular cases, f (u) = ±1, corresponding to the
WH (BH) spacetimes, respectively. The function v(r) is
given by
v(r) =
(
2M
r
− 2M
ri
)1/2
, rs(t) < r < ri. (2)
In the above equation, ri gives the initial radial dis-
tance at which the gravitational collapse starts. One
should keep in mind that the value of ri is far above the
Schwarzschild radius. Furthermore rs(t) represents the
trajectory of the surface of the star rs(t) at a given time
t. In the BH case, from a classical point of view (sin-
gularity theorems) it is well known that such a collapse
ends with a singularity. Here, in contrast, the singular-
ity rs(t) = 0 is not achieved. One way to achieve this is
to simply continue rs(t) with it’s time-reversal solution
with the spacetime geometry towhich cannot be entered
from the outside i.e., a WH geometry.
From a quantummechanical point of view, the ampli-
tude between two configurations, say h− and h+, with
the corresponding hypersurfaces Σ− and Σ+, related to
the BHWH tunneling is given by [51]
〈h+,Σ+|h−,Σ−〉 = 1N
∫ g(Σ+)=h+
g(Σ−)=h−
Dg exp (−LEH[g]) ,
(3)
where LEH[g] is the Einstein-Hilbert action of a Eu-
clidean geometry g, whileN being a normalization con-
stant. Then the probability amplitude for the BHWH
transition can be given as [51]
PBH→WH(M,∆0) =
∫
∆0
0
| 〈WH|BH〉M,∆′0 |
2 d∆′0, (4)
where kI ∈ [1, 3] and ∆0 ∈ [0,∞). In Ref. [51], the au-
thors were able to estimate the BHWH transition proba-
bility given by an exponential decay law
PBH→WH(M,∆0) = 1− exp
(
−2(kI + 1/3)M∆0√
1− 2M/ri
)
.
(5)
Then taking into account that kI + 1/3 is of the order
of unity, the mean lifetime was found to be τ ≤ 1/2M.
III. TUNNELING OF VECTOR PARTICLES WITH HJ
METHOD
In order to proceed to study the quantum tunneling
let us first introduce a new radial function given by
F (r) = 1− 2M
r
, (6)
which after we substitute into equation (2) gives
v(r) =
(
1−F (r)− 2M
ri
)1/2
. (7)
More specifically metric (1) has the following metric
tensor components
gµν =


ri−2M− f 2(u)v2(r)ri
2M−ri
f (u)v(r)ri
2M−ri 0 0
f (u)v(r)ri
2M−ri
ri
ri−2M 0 0
0 0 r2 0
0 0 0 r2 sin2 θ


, (8)
with the determinant given by
g = det
(
gµν
)
= − rir
4 sin2 θ
ri − 2M . (9)
We shall study the tunneling of massive vector parti-
cles described by the vector field Ψµ, in a curved space-
time metric given by the Proca equation (PE) as follows
[18]
1√−g∂µ
(√−g Ψµν)− m2
h¯2
Ψ
ν = 0, (10)
with the following relation
Ψµν = ∂µΨν − ∂νΨµ. (11)
3One way to solve PE is to apply the WKB approxima-
tion method with the solution proposed as
Ψν(x
µ) = Cν(x
µ) exp
(
i
h¯
(S0(x
µ) + h¯ S1(x
µ) + . . . .)
)
.
(12)
We now take take into consideration the spacetime
symmetries which lead to the following ansatz for the
action of the particle
S0(t, r, θ, ϕ) = −E t + R(r, θ) + jϕ, (13)
with E being the energy, and j being the angular mo-
mentum of the particle. Inserting Eq. (12) into the Proca
equation and keeping only the leading order of h¯ results
with the following four differential equations:
0 =
[
Er2 sin2 θ (2M− ri) R′(r)− riK1
rir2 sin
2 θ
]
C1
+
[
f v(∂θR)R
′ − E(∂θR)
r2
]
C2 +
[
f vR′ j− Ej
r2 sin2 θ
]
C3
+
[
sin2 θ(2M− ri)r2R′2 − riK2
rir2 sin
2 θ
]
C4, (14)
0 =
[
−( f 2v2ri + 2M− ri)(∂θR)2 sin2 θ− r2K3 +K4
rir2 sin
2 θ
]
C1
+
[
( f 2v2ri + 2M− ri)(∂θR)R′ − ri f vE(∂θR)
rir2
]
C2
+
[
( f 2v2 jr1 + (2M− ri)j)R′ − E f vjri
r2ri sin
2 θ
]
C3 (15)
+
[
−ri sin2 θ f v(∂θR)2 + (2M− ri)r2E sin2 θ +K5
r2i r
2 sin2 θ
]
C4,
0 =
[
( f 2v2ri + 2M− ri)(∂θR)R′ − ri f vE(∂θR)
rir2
]
C1
+
[
−r2 sin2 θ( f 2v2r2i + 2M− ri)R′2 + riK6
rir4 sin
2 θ
]
C2
+
[
− (∂θR)j
r4 sin2 θ
]
C3
+
[
f v(∂θR)R
′ − E(∂θR)
r2
]
C4, (16)
0 =
[
( f 2v2 jr1 + (2M− ri)j)R′ − E f vjri
r2ri sin
2 θ
]
C1
+
[
− (∂θR)j
r4 sin2 θ
]
C2
+
[
−r2( f 2v2r2i + 2M− ri)R′2 + 2E f vrir2R′ −K7
rir4 sin
2 θ
]
C3
+
[
f vR′ j− Ej
r2 sin2 θ
]
C4. (17)
where we have used the following relations
K1 = f v sin2 θ(∂θR)2 + m2r2 f v sin2 θ+ j2v f ,
K2 = sin2 θ(∂θR)2 + m2r2 sin2 θ + j2,
K3 = cos2 θ( f 2v2m2ri + (2M− ri)(E2 −m2)),
K4 = (2M− ri)((E2 −m2)r2 − j2)− v2 f 2ri(m2r2 + j2),
K5 = f vm2r2ri cos2 θ − f vri(m2r2 + j2),
K6 = 2E f vr2 sin2 θR′ − [(E2 −m2)r2 sin2 θ− j2],
K7 = ri[(E2 −m2)r2 − (∂θR)2].
Resulting with the following non-zero matrix ele-
ments
M11 =
Er2 sin2 θ (2M− ri) R′(r)− riK1
rir2 sin
2 θ
,
M21 =
−( f 2v2ri + 2M− ri)(∂θR)2 sin2 θ − r2K3 +K4
rir2 sin
2 θ
,
M31 = M22 =
( f 2v2ri + 2M− ri)(∂θR)R′ − ri f vE(∂θR)
rir2
,
M41 = M23 =
( f 2v2 jr1 + (2M− ri)j)R′ − E f vjri
r2ri sin
2 θ
,
M12 = M34 =
f v(∂θR)R
′ − E(∂θR)
r2
,
M32 =
−r2 sin2 θ( f 2v2r2i + 2M− ri)R′2 + riK6
rir4 sin
2 θ
,
M42 = M33 = − (∂θR)j
r4 sin2 θ
,
M13 = M44 =
f vR′ j− Ej
r2 sin2 θ
,
M14 =
sin2 θ(2M− ri)r2R′2 − riK2
rir2 sin
2 θ
,
M24 =
−ri sin2 θ f v(∂θR)2 + (2M− ri)r2E sin2 θ+K5
r2i r
2 sin2 θ
,
M43 =
−r2( f 2v2r2i + 2M− ri)R′2 + 2E f vrir2R′ −K7
rir4 sin
2 θ
.
The radial motion of the particles is easily found if we
solve the determinant
detM(C1,C2,C3,C4)
T = 0, (18)
which yields
m2(2M− ri)
[H− 2ER′vr2ri f sin2 θ − riG]3
r10r4i sin
8 θ
= 0, (19)
with
H = r2 sin2 θ( f 2v2ri + 2M− ri)R′2,
G = sin2 θ(∂θR)2 − (E2 −m2)r2 sin2 θ+ j2.
4Finally, after solving for the radial trajectories results
with
R±(r) =
∫ E f (u)v(r)ri ±
√
E2r2i
(
1− 2Mri
)
− ∆N
ri∆(r)
dr,
(20)
with
∆ = v2(r) f 2(u)−
(
1− 2M
ri
)
, (21)
N =
[
m2 +
(∂θR)
2r2i
r2
+
j2r2i
r2 sin2 θ
]
. (22)
IV. QUANTUM TUNNELING IN A BH GEOMETRY
Let us now consider the quantum tunneling in the
spacetime of a BH [ f (u) = −1]. The function ∆ can be
written as
∆ =
(
−v(r)−
√
1− 2M
ri
)(
−v(r) +
√
1− 2M
ri
)
.
(23)
Near the horizon we may expand this function which
yields
∆(rh) ≃ −2 κBH(r− rh) + ..., (24)
in which we have used the following identification for
the surface gravity of the black hole
κBH =
F ′(rh)
2
> 0. (25)
The radial solution (61) near the horizon reads
R±(rh) =
∫ −Ev(rh)ri ±
√
E2r2i
(
1− 2Mri
)
− ∆(rh)N
−2 ri κBH(r− rh) dr.
(26)
At this point, we can use the following identity
lim
ǫ→0 Im
1
r− rh + iǫ = πδ(r− rh), (27)
which lead to a non-zero contribution only for the out-
going solution R−(r)
ImR−(r) =
πE
κBH
, ImR+(r) = 0. (28)
where E = E v(rh), is the net energy of the particle with
v(rh) =
√
1− 2M/ri. Of course, this result is to be ex-
pected as a consequence of the coordinate system used
in our setup. There is no barrier experienced by the in-
going particle across the event horizon. But, clearly, this
is not the case for the outgoing particle. In this way if we
define the tunneling rate from the inside to the outside
ΓBH =
Γout
Γin
=
exp (−2ImR−)
exp (−2ImR+) = exp
(
−2πE
κBH
)
, (29)
after we compare the tunneling rate with the Boltzmann
equation [ΓB = exp(−E/TH)], we easily find the Hawk-
ing temperature
TH =
κBH
2π
=
F ′(rh)
4π
. (30)
This result was to be expected, except that this pro-
cedure is not free from ambiguity. It has been shown
that the above method can lead to the factor–two prob-
lem [40, 41]. As was pointed out in Refs. [40] the factor–
two problem can be solved whenwe consider the invari-
ance under canonical transformations by considering a
closed path we can write
∮
prdr =
∫ r f
ri
pinr dr +
∫ ri
r f
poutr dr. (31)
Note that the path goes from just outside the horizon,
say r = ri, to r = r f which is located just inside of the
horizon. Next, we shall first work out the spatial contri-
bution to the tunneling rate (we temporarily introduce
the Planck constant) [40]
Γ = exp
(
−1
h¯
Im
∮
prdr
)
= exp
[
−1
h¯
Im
(∫
pinr dr +
∫
poutr dr
)]
, (32)
with pr = ∂rR. Next one can shift the pole into the upper
half plane rh → rh + iǫ and rewrite the last equation as
follows
5Im
∮
prdr = lim
ǫ→0


Im


∫ r f
ri
−Ev(r)ri +
√
E2r2i
(
1− 2Mri
)
− ∆(r)
[
m2 +
(∂θR)2r
2
i
r2
+
j2r2i
r2 sin2 θ
]
−2 ri κBH(r − rh + iǫ) dr




+ lim
ǫ→0


Im


∫ ri
r f
−Ev(r)ri −
√
E2r2i
(
1− 2Mri
)
− ∆(r)
[
m2 +
(∂θR)2r
2
i
r2
+
j2r2i
r2 sin2 θ
]
−2 ri κBH(r− rh + iǫ) dr




. (33)
A non-zero contribution gives only the second term
leading to
Im
∮
prdr =
πE
κBH
. (34)
It remains now to evaluate the temporal contribution
to the tunneling rate. To do so, we introduce the follow-
ing coordinate transformation
dt → dt¯− v(r) f (u)dr
v2(r) f 2(u)−
(
1− 2Mri
) . (35)
In the last equation t corresponds to the Painleve´ time,
while t¯ corresponds to the time measured by a far-away
observer. Combining this relation with the action gives
SBH0 = −E t¯ +
∫
v(rh)E
2 κBH(r− rh)dr + R(r, θ) + jϕ, (36)
resulting with the following contribution
Im(E∆tout) = Im(E∆tin) =
πE
2 κBH
. (37)
Thus, by putting these contributions into the total tun-
neling rate we are left with
ΓBH = exp
[
− 1
h¯
(
Im(E∆tout) + Im(E∆tin)
+ Im
∮
prdr
)]
= exp
(
−2πE
κBH
)
. (38)
This yields the Hawking temperature
TH =
κBH
2π
=
F ′(rh)
4π
. (39)
V. QUANTUM TUNNELING IN A WH GEOMETRY
We tern our attention to the quantum tunneling in the
spacetime of a WH geometry [ f (u) = 1]. In that case,
the function ∆ is written as
∆(r) =
(
v(r)−
√
1− 2M
ri
)(
v(r) +
√
1− 2M
ri
)
.
(40)
Near the horizon we find
∆(rh) ≃ 2 κWH(r− rh) + ..., (41)
where we have used the following identification for the
surface gravity of the white hole
κWH = −F
′(rh)
2
< 0. (42)
With this result in mind, the radial part gives
R±(rh) =
∫ Ev(rh)ri ±
√
E2r2i
(
1− 2Mri
)
− ∆(rh)N
2 ri κWH(r− rh) dr,
(43)
resulting with a non-zero contribution only for the ingo-
ing solution R+(r)
ImR−(r) = 0, ImR+(r) =
πE
κWH
. (44)
where E = E v(rh) is a net energy of the particle, in
which v(rh) =
√
1− 2M/ri.
Let us note that there is a crucial difference in con-
trast with the BH case, namely there is a problem of the
definition of asymptotic ingoing flux inside the WH. In
particular by considering the analogue WH model, at a
classical level, one can argue that any mode transiting
from the outside to the inside will be spitted out again
because of this infinite valued flow, hence one expects
the transmission coefficient to be zero. In other words,
only the outgoing mode is of primary interest, thus we
can define the tunneling rate from inside to outside the
WH as follows
ΓWH =
Γout
Γin
=
exp (−2ImR−)
exp (−2ImR+) = exp
(
+
2πE
κWH
)
. (45)
6After we compare with the Boltzmann distribution law
ΓB = exp(−E/TH), we end upwith an interesting result
TH = −κWH
2π
=
F ′(rh)
4π
. (46)
Now we shall derive this result in terms of the invari-
ance under canonical transformations. In this case the
path goes from just inside the WH horizon, say r = ri,
to r = r f , just outside the WH horizon
∮
prdr =
∫ r f
ri
poutr dr +
∫ ri
r f
pinr dr. (47)
In particular after we shift the pole rh → rh − iǫ, we
can write
Im
∮
prdr = lim
ǫ→0


Im


∫ r f
ri
Ev(rh)ri +
√
E2r2i
(
1− 2Mri
)
− ∆(rh)
[
m2 +
(∂θR)2r
2
i
r2
+
j2r2i
r2 sin2 θ
]
2 ri κWH(r − rh − iǫ) dr




+ lim
ǫ→0


Im


∫ ri
r f
Ev(rh)ri −
√
E2r2i
(
1− 2Mri
)
− ∆(rh)
[
m2 +
(∂θR)2r
2
i
r2
+
j2r2i
r2 sin2 θ
]
2 ri κWH(r− rh − iǫ) dr




. (48)
To ensure that the positive result for the Hawking
temperature we change the direction in which we shift
the pole, that is equivalent to change the direction in
which we deform the contour. More precisely we shall
use the following equation
lim
ǫ→0 Im
1
r − rh − iǫ = −πδ(r − rh), (49)
Again, there is a non-zero contribution for the ingo-
ing particle given by the first term. Put it differently, in
theWH spacetime, only the ingoing particle experiences
barrier across the horizon. The spatial contribution to
the tunneling rate gives
Im
∮
prdr = − πE
κWH
. (50)
It remains to be seen the temporal contribution. Let
us introduce the following coordinates
dt → dt¯ + v(r)dr
v2(r) f 2(u)−
(
1− 2Mri
) . (51)
Again, t corresponds to the Painleve´ time, while t¯ cor-
responds to the time measured by a far-away observer
outside the WH geometry. The action of the particle
gives
SWH0 = −E t¯−
∫
v(rh)E
2 κWH(r− rh)dr + R(r, θ) + jϕ. (52)
We find
Im(E∆tout) = Im(E∆tin) = − πE
κWH
. (53)
Hence the total tunneling rate is found to be
ΓWH = exp
[
− 1
h¯
(
Im(E∆tout) + Im(E∆tin)
+ Im
∮
prdr
)]
= exp
(
2πE
κWH
)
. (54)
And the expected result reads
TH = −κWH
2π
=
F ′(rh)
4π
. (55)
This result suggest that an observer outside the space-
time of a WH should detectedHawking quanta, in other
words a flux of radiation from inside to outside theWH.
In addition, the equation of Hawking temperature is
form invariant to the BH temperature.
VI. TUNNELING OF SCALAR PARTICLES
In this sectionwe shall explore in details the tunneling
of spineless particles, namely massive scalar particles.
The relativistic scalar field equation can be written as
follows
1√−g ∂µ (g
µν∂νΦ)− m
2
h¯2
Φ = 0. (56)
7The scalar wave solution can be chosen as follows
Φ(t, r, θ, ϕ) = C(t, r, θ, ϕ) exp
(
i
h¯
(S0(t, r, θ, ϕ) + ...)
)
,
(57)
Solving the KG equation in leading order terms we
find the differential equation
1
r2ri sin
2 θ
[
sin2 θ( f 2(u)v2(r)ri + 2M− ri)r2(∂rS0)2 + 2r2 f (u)v(r)ri(∂tS0)(∂rS0)
+ ri
(
sin2 θr2(∂tS0)
2 − sin2 θ(∂θS0)2 − (∂ϕS0)2 − r2m2 sin2 θ)
) ]
= 0 (58)
with the same action
S0(t, r, θ, ϕ) = −Et + R(r, θ) + jϕ. (59)
we find
(R′)2
(
f 2(u)v2(r)ri + 2M− ri
ri
)
− 2R′E f (u)v(r)
− sin
2 θ(∂θR)
2 − r2(E2 −m2) sin2 θ + j2
r2 sin2 θ
= 0 (60)
Solving this equation we find
R±(r) =
∫ E f (u)v(r)ri ±
√
E2r2i
(
1− 2Mri
)
− ∆N
ri∆(r)
dr,
(61)
with ∆ and N are given by Eqs. (20) and (21). Special-
izing the WH (BH) solution we need to set f (u) = ±1,
which leads to the same conclusions as in the case of
vector field.
VII. TUNNELING WITH PW METHOD
The basic idea behind this method is to apply the ra-
dial null geodesics which can be found by the metric (1).
In our case we are left with the following result
r˙ = f (u)v(r)±
√
1− 2M
ri
, (62)
in which the +(−) gives the outgoing (ingoing)
geodesics. The tunneling rate is related to the imaginary
part of the action in the classically forbidden region. In
our paper the black hole mass is held fixed and the to-
tal ADM mass allowed to vary. When a shell of energy
ω tunnels from the black hole, M should be replaced by
M−ω. The imaginary part of the action is written as
ImS = Im
∫ r f
ri
prdr = Im
∫ r f
ri
∫ pr
0
p′rdr (63)
In the black hole case [ f (u) = −1] we find
ImS = Im
∫ M−ω
M
∫ r f
ri
dr
r˙
dH (64)
= Im
∫ ω
0
∫ r f
ri
dr
−v(r) +
√
1− 2(M−ω′)ri
d(−ω′).
Note that the integral becomes singular at the horizon.
In particular we need to choose a positive sign which
corresponds to the outgoing particles. Note that to en-
sure the positive result we deform the a semi-circle to
give−πiRes[ f (x)], after solving this integral we end up
with the following result
ImS = Im
∫ ω
0
4π i(M− ω′)
√
1− 2(M−ω
′)
ri
dω′ (65)
≃ 4πω
(
M− ω
2
)
− 4π
ri
(
M2ω − Mω2 + ω
3
3
+ ...
)
The above result can be approximated linear to ω as
follows
ImS ≃ 4πωM
(
1− M
ri
)
, (66)
with the tunneling rate
ΓBH = exp (−2ImS) = exp
[
−8πωM
(
1− M
ri
)]
.
(67)
Making use of the Boltzmann equation [ΓBH =
exp(−ω/TH ] we find
TH =
1
8πM
(
1+
M
ri
+ ...
)
. (68)
Considering the fact that ri >> M, we end up with
the same equation
TH =
κBH
2π
=
F ′(rh)
4π
. (69)
8In the white hole case [ f (u) = 1], when we apply the
same procedure we find
ImS = Im
∫ M−ω
M
∫ r f
ri
dr
r˙
dH (70)
= Im
∫ ω
0
∫ r f
ri
dr
v(r)−
√
1− 2(M−ω′)ri
d(−ω′).
Note that a minus sign which corresponds to the in-
going particles has been chosen. To ensure the positive
result we deform the a semi-circle to give πi Res[ f (x)]
which gives
ImS = Im
∫ ω
0
4π i(M− ω′)
√
1− 2(M−ω
′)
ri
dω′ (71)
≃ +4πω
(
M− ω
2
)
− 4π
ri
(
M2ω− Mω2 + ω
3
3
+ ...
)
Considering only the terms linear in ω, this result can
be approximated as
ImS ≃ 4πωM
(
1− M
ri
)
, (72)
with the tunneling rate
ΓWH = exp (−2ImS) = exp
[
−8πωM
(
1− M
ri
)]
.
(73)
Finally approximating the solution when ri >> M,
yields
TH = −κWH
2π
=
F ′(rh)
4π
. (74)
VIII. CONCLUSION
In this letter we have considered the Hawking ra-
diation associated to the BH/WH geometry. We have
used a generalized Painleve´ coordinates together with
theWKB andHJmethods. We have shown that a Hawk-
ing radiation is associated to the WH spacetime. Al-
though particles can tunnel from the outside to the in-
side, based on the infinite valued flow analogue model
one can argue that they will be spitted out again imply-
ing that only the outgoing mode is of primary interest.
Based on this, we have shown that the Hawking temper-
ature outside theWH is the same as the BH temperature.
Furthermore we have verified our result using the PW
method. It is worth noting that, besides the mass, HT
is affected by the initial radial distance ri at which the
gravitational collapse starts. In general, HR can be con-
sidered as a negligible effect, but it remains to be seen if
this effect could have any impact on the BHWH transi-
tion process. Finally we wish to point out that quantum
gravity effects may effect this picture, in particular one
may incorporate the GUP effects during the BH-to-WH
transition, and see whether the infnite valued flow can
really disappear. We plan in the near future to study the
problem of Hawking radiation fromacousticWHs in the
tunneling approach with GUP effects.
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